Recent local simulations of the field-reversed configuration (FRC) have reported drift-wave stability in the core and instability in the scrape-off layer (SOL). However, experimental measurements indicate the existence of fluctuations in both FRC core and SOL, with much lower amplitude fluctuations measured in the core. With the updated cross-separatrix capabilities of the simulation code used in this paper, nonlinear turbulence simulations find that linear instabilities grow in the SOL, generating fluctuations which spread from SOL to core. After saturation of the linear instabilities, a balance of the inward spread and local damping in the core is achieved. The steady state toroidal wavenumber spectrum shows lower amplitude core fluctuations and larger SOL fluctuations with amplitude decreasing towards shorter wavelengths, which are consistent with experimental measurements.
Introduction
An ideal field-reversed configuration (FRC) is an elongated prolate compact toroid (CT) with purely poloidal magnetic fields, consisting of two regions separated by a separatrix: an inner, closed field-line core region and an outer, open fieldline scrape-off layer (SOL) region [1, 2] . Research interest in the FRC has persisted due to potential reactor benefits [1] : β (the ratio of plasma pressure to magnetic energy density) near unity suggests cheaper magnetic energy costs than low β approaches such as the tokamak [2] ; compact shape simplifies construction of the device hull and external magnetic field coils [3] ; on-axis SOL which may be connected to the divertor arbitrarily far from the FRC core; and [4] the lack of toroidal magnetic fields radically changes the magnetic topology and the consequential stability of the plasma [3, 4] .
In recent years at the C-2/C-2U FRC experiment, experimental progress by TAE Technologies, Inc. (TAE) led to successful reduction of major macro-instabilities (rotational n = 2, wobble, and tilt n = 1 modes [1] , where n is the toroidal mode number). By doing so, FRC plasma sustainment times have been increased to the order of several milliseconds [5, 6, 7] , and this confinement approach is now in transport-limited regimes [7, 8] . After the necessary stabilization of the macroinstabilities, the next essential step to a viable FRC fusion reactor is to understand the transport processes within FRC plasmas.
Experimental measurements of density fluctuations using Doppler Backscattering (DBS [9] ) in the C-2/C-2U FRC device have shown that fluctuations of the core and SOL of FRC plasmas exhibit distinct qualities. In the SOL, the fluctuation spectrum is exponentially decreasing towards electronscale wavelengths and highest in amplitude towards ion-scale wavelengths. In the core, the fluctuation spectrum is overall lower in amplitude with a dip in the ion-scale wavelengths and a slight peak in electron-scale lengths, which further decrease towards even shorter lengths [10] .
Local linear simulations [11, 12, 13] using the gyrokinetic toroidal code (GTC) [14] have found qualitatively similar results. The SOL is linearly unstable for a wide range of length scales and varying pressure gradients. In addition, the critical instability thresholds found for the SOL in the local linear simulations are comparable to the experimentally measured fluctuation threshold. On the other hand, the core is robustly stable due to the stabilizing FRC traits of short field-line connection lengths, radially increasing magnetic field strength, and the large finite Larmor radius (FLR) [15] of ions.
While there is also ongoing work towards understanding FRC transport with hybrid kinetic/fluid transport codes, namely Q1D [16] and Q2D [17] , the present work is the first global nonlinear gyrokinetic transport study of turbulence in the FRC. We expand on the past linear physics simulations mentioned above [13] to push into the nonlinear kinetic simulations required for understanding turbulence-driven transport.
In this work, global linear simulations also find agreement with previous local linear simulations on core stability and SOL instability. Simulations of a single toroidal mode have demonstrated fluctuations spreading from the SOL region into the FRC core. Simulations of multiple toroidal modes, confined only to the SOL, show an inverse cascade in the fluctuation spectrum due to mode-mode coupling. Finally, global simulations of multiple toroidal modes including both the SOL and core regions find that the combined features of the inverse cascade and turbulence spreading lead to a fluctuation spectrum that is qualitatively comparable to the aforementioned experimental results of Schmitz et al [10] 
Simulation model
In this paper, simulations have been conducted with the turbulence code, ANC, in a C-2/C-2U-like magnetic geometry. ANC is a global particle-in-cell (PIC) code [18, 19] , suitable for simulation of electrostatic drift-wave turbulence. In this work, electrostatic perturbative δf simulations [20] [21] [22] [23] [24] are confined to a nonlocal domain spanning the confinement vessel region. The electrostatic Poisson equation is simplified by the Padé approximation figure 1 . Perturbed quantities near the radial boundaries are smoothly set to zero to reduce boundary effects. In this simulation domain, periodic boundaries are used in the axial (Z) directions, neglecting parallel outflow effects. Details about the specifics of the code, including algorithm and benchmarks, will be published in a future paper.
These simulations are initialized with an FRC equilibrium [25] with density and ion temperature gradients and flat electron temperature corresponding to table 1, with the distance from the machine axis to the separatrix at the outer midplane is R s = 38 cm. Because ANC uses the perturbative δf model, these equilibrium profiles do not evolve within the simulation. The use of the flat electron temperature and the adiabatic electron response serve to simplify the physics model as an initial step for the recently updated simulation model of this paper, which extends the simulation domain to include both the core and SOL regions. In upcoming work, the electron model will be extended to drift-kinetic electrons with a more realistic electron temperature profile.
In section 3, the simulation domain extends from the SOL to the core but only allows for a single toroidal mode (n = 20 is shown). In section 4, the simulation domain is confined to the SOL but allows for multiple toroidal modes (n = {5, 10, ... ,75, 80}). In section 5, the simulation domain extends from the SOL to the core and allows for multiple toroidal modes (n = {0, 5, 10, ..., 75}). The factors of 5 in the toroidal modes selected in sections 4 and 5 are due to the use of toroidal symmetry for numerical reduction of the toroidal domain into a wedge 1/5 the size of the full toroidal domain. Simulations of a smaller toroidal wedge 1/10 the size of the full torus yield similar results in saturation levels and toroidal spectra.
Fluctuations spreading from SOL to core
With the equilibrium and model as described in section 2, linear simulations of a single toroidal mode show exponential growth of instability in the SOL with toroidal propagation in the ion diamagnetic direction. Comparison with local linear theory indicates that this is a slab-like ion temperature gradient (ITG) drift-wave instability [19] .
In previous local, linear simulations [13] , the SOL was found to be unstable while the core was stable. A variety of effects were studied, and core stability was found to be due to the stabilizing FRC traits of [1] short electron transit length [2] , radially increasing magnetic field on the outboard side, and [3] strong FLR effects due to weak magnetic field. In the initial linear simulations of this section, nonlocal effects were numerically removed, effectively localizing the physics of the simulations. Consistent with past local simulations, there is no mode growth in the core due to the stabilizing effects mentioned, although the short electron transit effect is artificially enhanced by only using the electron adiabatic response in our equations.
In contrast to the past work, realistic nonlocal physics can be included through the Laplacian in the Poisson equation and through the gyroaveraging in the particle model. With these nonlocal effects included, drift-surfaces of different poloidal flux labels ψ are physically coupled. This introduces a radial wavenumber k ψ into the wave dispersion, allowing for radial wave propagation such that a radial eigenmode structure forms across the SOL and core. Despite the physical coupling, in linear simulations, the amplitude of the eigenmode structure in the core is lower than in the SOL by more than a factor of 100. When nonlinear δ E × B effects are included in the simulations, ie. when simulation marker particles are subjected to δ E × B drift due to the self-consistent fields that arise, the mode saturates at a SOL mode amplitude of about eφ/T e ∼ 5 × 10 −2 as seen in figure 2 at t ≈ 1.25 ms. On the other hand, the saturation level in the core is about a factor of ten lower than in the SOL due to a balance of the inward spread and the local damping in the core region, consistent with experimental measurements showing lower fluctuation amplitudes in the FRC core [10] .
This process can be seen in the bottom panel of figure 2 which shows the mode amplitude in the core and SOL: initially, the unstable mode first grows in the SOL but has not started to grow in the core; at t ≈ 0.5 ms, the radial eigenmode has formed such that the mode amplitude in the core is growing at the same growth-rate. This whole process is also shown in the top panel of figure 2 , which shows the mode growing in the SOL first before spreading into the core. (a) The magnitude of the equilibrium FRC magnetic field is shown as the color of the filled contour plot, and (b) the equilibrium density is shown as the color of the filled contour plot. Note that the magnetic field null region (Z = 0 m, R ~ 0.25 m) is not included in the simulation domain. The black contour lines correspond to drift-surfaces corresponding to different poloidal flux contours. The distance from the machine axis to the separatrix (the last solid line before the dashed lines corresponding to negative flux) at the outer midplane is R s = 38 cm. The magnetic coordinate system referred to within the paper is also shown: ψ is the direction of radially increasing poloidal flux, θ is the direction along the magnetic field-lines, ie. poloidal, and ζ is the direction about the machine axis, ie. azimuthal or toroidal. Table 1 . Simulation parameters in units of cm at R = 53 cm (the distance from the machine axis) where SOL linear instability is found, where L T,i and L T,e are the ion and electron temperature scale lengths, L n is the density scale length, and ρ i and ρ e are the ion and electron gyroradii. 
Inverse spectral cascade in the SOL
To focus on the characteristics of SOL turbulence, the domain of simulations in this section is limited to the SOL. Multiple toroidal modes can interact nonlinearly, resulting in a turbulence state. Simulations of this section allow for the inclusion of multiple toroidal modes (n = {5, 10, ..., 75, 80}) where the toroidal modes n = {5, 10, 15} were previously found to be linearly stable or damped modes. Here, the unstable modes saturate at eφ/T e ∼ O(10
as seen in the top panel of figure 3 . The saturation levels of these multiple-mode simulations are comparable to the singlemode simulations. Since the main saturation mechanism is unchanged despite the restriction in simulation domain, the physics of these multiple-mode simulations confined to just the SOL region remain valid for FRC simulations which include the core region. Initially, the largest and fastest growing modes of this simulation are n = 55 and n = 65. In these simulations, different modes can couple to each other through the beating of two waves to excite a third, when wave matching conditions (
Because lower toroidal mode numbers can more easily satisfy these matching conditions, an inverse toroidal spectral cascade occurs from the higher amplitude shorter wavelength modes to the linearly stable longer wavelength modes. This process can be seen dynamically in the top panel of figure 3 which shows a subset of the simulated modes: at (A), the highest amplitudes belong to the high-n modes; at (B), the linearly stable low-n modes (dashed lines) have overtaken some of mid-n modes and nonlinear coupling is suggested by the growth-rates which are roughly twice the value of the linearly unstable modes; at (C), the modes are saturating but the inverse cascade continues and the high-n modes are beginning to lower in amplitude; and at (D), some time after saturation, the high-n modes are the lowest in amplitude while the low-n modes are the highest. Snapshots of the toroidal wavenumber spectrum corresponding to these four times are also shown in the bottom panel of figure 3 . Overall, this inverse cascade corresponds to a change from an average wavelength of k ζ ρ s ∼ 3 during the linearly growing phase, (A) and (B), to an average wavelength of k ζ ρ s ∼ 1.9 after the nonlinear cascade, (D).
Global turbulence from SOL to core
In this section, the simulations of multiple toroidal modes (n = {0, 5, 10, ..., 75}) now span both the SOL and core regions. Note that the n = 0 mode is also included, allowing for an additional available channel for mode coupling. As in section 3, with the inclusion of the core region, instability only grows in the SOL, but fluctuations spread into the core. In addition, with multiple toroidal modes as in section 4, energy cascades from the unstable shorter wavelength modes to the longer wavelength modes. Together, these two processes shape the toroidal spectra of the FRC core and SOL as shown in figure 5 .
The electrostatic potential mode structures, viewed along the machine axis at the center of the confinement vessel and viewed from afar, from times corresponding to linear growth and nonlinear saturation are shown in figure 4 . The purple shell corresponds to the separatrix, and the grey ring is the region near the null point, which is not included within the simulation domain due to gyrokinetic validity. (Note that the inner core region is connected to the outer core region through the parallel direction itself, as more easily seen from the other viewpoint.)
Consistent with the simulations of sections 3 and 4, fluctuations are lower in amplitude in the core and an inverse cascade in the SOL is observed. The inverse cascade can be graphically seen from the change in the short wavelength mode structures in figures 4(a) and (b) to the larger scale turbulent eddies in figures 4(c) and (d). Due to turbulence spreading from the SOL to the core, the fluctuations in the core also become more comparable in magnitude and more visible after saturation in figures 4(c) and (d).
The results of the simulation depicted by figure 4 are quantitatively shown in the toroidal wavenumber spectrum in figure 5 . The spectrum from simulation is calculated from integrating the electrostatic potential eφ/T e along the outer midplane at Z = 0 and binned according to toroidal wavenumbers (where k ζ = n/R) for a duration after saturation (between t = 0.949-1.03 ms). The mean simulation spectrum is plotted as the solid lines with green (red) corresponding to the spectrum calculated from the core (SOL) region. The variations over time for the spectra are plotted as the corresponding shaded regions in the figure. The quantity of the electrostatic potential is related to the density fluctuation through the Boltzmann relation (adiabatic response),
In comparison, the experimental measurements [10] of density fluctuations ñ/n are plotted as a scatter of points in figure 5 . The density fluctuation data was measured via DBS [9, 10] between 0.4-1.2 ms after plasma initiation in FRC discharges which had similar lifetimes (4-10 ms) exceeding the past FRC scalings [7] . The DBS diagnostic launches narrow Gaussian beams with different tunable frequencies and measures the backscattered signal, which is proportional to the local density fluctuation level at the resonant toroidal wavenumber. The probed wavenumber and the scattering location are calculated via GENRAY ray tracing based on reconstructed density profiles from CO2 laser interferometry and far infrared scattering.
In addition to being quantitatively comparable in normalized fluctuation levels, the shape of this fluctuation spectrum is qualitatively consistent with the experimentally measured density fluctuation spectrum. Fluctuations in the SOL are largest at long wavelengths and decrease towards shorter wavelengths due to the inverse cascade, which shifts the energy from the unstable shorter wavelength modes to the longer wavelengths. Fluctuations in the core are much lower than in the SOL due to the stabilizing influences in the core and because the fluctuations originate from outside of the core. Although core fluctuations may appear to be higher in amplitude at longer wavelengths in the simulation than shown by experiments, this is because the fluctuations in the core originate from the SOL and so the amplitude varies over time. As shown by the shaded regions in the plot, the variations over time cover a range that would fall within the experimental measurements. (d) , the dark ring indicates the magnetic null region which is excluded in the simulation domain; however, the inner and outer regions are still connected along the field-lines. This is more clearly seen in the first view (a) and (c) where the magnetic null region appears as the hollow section.
Conclusions
In this paper, the simulation model has been extended to include nonlinear particle effects and interaction of multiple toroidal modes in a global geometry spanning both the core and SOL regions in the FRC confinement vessel. Previous local linear simulations found linear modes to be stable in the FRC core but unstable in the SOL [11, 12, 13] . Consistent with these past simulations, linear simulations in the current work also finds instability only in the SOL region. These results are in qualitative agreement with experimental measurements of density fluctuations in the C-2/C-2U FRC plasmas, which show core fluctuations to be lower in amplitude than SOL fluctuations [10] .
As shown in figure 5 , with the updated global model, the current work can now go beyond qualitative comparison and directly compare with experimental measurements. Nonlinear simulations show that instability saturates at levels comparable to experimentally measured amplitudes. An inverse spectral cascade in the SOL produces a toroidal wavenumber spectrum that decreases towards shorter wavelengths. In addition, the fluctuations spread from the SOL into the core at reduced amplitudes and shorter wavelengths, which produces a core toroidal wavenumber spectrum that is much lower in amplitude at longer wavelengths. These simulated wavenumber spectra agree with the experimentally measured spectra in several features [1] : lower amplitude in the core at longer wavelengths [2] , higher amplitude in the SOL at longer wavelengths [3] , decreasing trend towards shorter wavelengths in the SOL.
From these fluctuations, ion energy flux across field-lines,
ä δf s , is calculated, which tracks the energy moving in the direction across the field-lines due to the δ E × B drift from the self-consistent electric fields. Ion conductivity can then be found through Fick's law χ s = Φ q,s /n s ∇T s . In the simulations of the current work, the peak ion energy flux, Φ q,i,max ∼ 6 (kW m −2 ), and conductivity, χ i,max ∼ 5 (m 2 s −1 ), are found in the SOL. Under the adiabatic electron response model, particle flux across fieldlines does not occur. However, test electron diagnostics (simulation particles which sample the self-consistent fields but do not contribute to them) have also been used to calculate an upper bound on electron transport quantities resulting in upper bound peak electron energy flux, Φ q,e,max ∼ 7 (MW m −2 ) , and conductivity, χ e,max ∼ 0.015 (m 2 µs −1 ). From the upper bounds found for electron conductivity, 'worst case' estimates of energy confinement times can be estimated for the core, τ E,e ∼ 75 (µs), and SOL, τ E,e ∼ 20 (µs) (using the relation χ e ≈ a 2 /τ E,e , where a → R at peak values in the respective regions) comparable to experimental measurements of τ E,e ∼ 200 (µs). Future experiments are expected to reach higher temperatures along with stronger magnetic field such that the motion of particles perpendicular to the fieldlines should not change much. However, the motion of particles along the field-lines will be faster as temperature rises, which can enhance the stabilizing effect of large k v seen in past local simulations [13] . Interestingly, in the simulations using the test electron diagnostics, electron thermal transport was found to decrease with increasing electron temperature, possibly due to the effective averaging over fluctuations in the parallel direction due the faster motion along field-lines. More conclusive results on thermal transport will require simulations with electrons which contribute to the fields as the nature of the instability may change.
Because long wavelength modes drive larger transport for the same amplitude of electric field, the wavenumber spectrum found in experiments and simulations is favourable for confinement in the FRC core. The work of the paper has shown that this spectrum arises from SOL fluctuation spreading and not from inherent core instabilities. Because the core is stable to electrostatic drift-instabilities [13] due to the effects of typical FRC features (magnetic well, short electron fieldline transit along, and large FLR), core turbulence in future devices or different equilibria is also likely to originate from outside instabilities, and the fluctuation spectrum is expected to remain favourable for confinement. Low-frequency instabilities of interest which may exist in the SOL include the universal drift and ion-cyclotron electron drift modes suggested by Carlson [26] and the trapped electron mode seen in our previous local linear work.
Although the current work has extended previous simulation models, there are important physics present in experiment which have not been included. In previous local linear simulations, a drift-kinetic electron model was used and allowed for a trapped electron mode to arise in the SOL. Because these global FRC simulations are the first cross-separatrix FRC turbulence simulations that the authors know of, a simpler model using an adiabatic electron response was employed to begin. This may explain the discrepancy in the simulated SOL wavenumber spectrum, which shows slightly longer wavelengths than experiments. In upcoming work, the electron model will be extended to drift-kinetic electrons to allow for ä is plotted as data points. The shaded region indicates the standard deviation of the simulation spectrum over the time period for which this data represents. The deviation over the time period is smaller for unstable longer wavelengths in the SOL where the instability is driven.
such a trapped electron mode to arise. In addition equilibrium sheared flows are experimentally present but have not been included in this work. These sheared flows can modify the properties of linear instabilities and nonlinear turbulent structures. Future work will also include and quantify the effects of equilibrium sheared flows.
